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SUMMARY

The analysis of the general instability of stiffened cylindrical shells under hydrostatic pressure

carried out earlier is continued in order to study the inversion of the eccentricity effect. 250 typical

shells of varying geometries are considered. The reults show that the inversion of the eccentricity

effect is practically independent of the geometry of the rings but depends very strongly on the shell geo-

metry parameter Z, A range of inversion is fotind.

A detailed physical explanation of the causes of the eccentricity ?ffect and its inversion is proposcd.
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An - coefficient of axial displacement

Al - cross-sectiunal area of stringer

A2  - cross-sectional area of frame (ring)

a - distance between frames (rings)

B, - coefficient of circumferential displacement

b - distance between stringers

Ca  - coefficient of radial displacement

D - [Eh3/12(1-v2)]

E, E1 , E2  - moduli of elasticity of shell, stringers and frames, respectively

e1, e2  - distance between ceutroid of stiffener cross-section and middle surface shell,

positive when inside (see Fig. 1).

Gs G,2  - shear moduli of stringers and frames, respectively

h - thickness of shell

Ii11 22 - moment of inertia of stiffener cross-section about its centroidal axis

I01, 102 - moment of inertia of stiffener cross-section about the middle surface of the shell

I O, IQ - torsion constant of stiffener cross-section

L - length of shell between bulkheads

NII, M , MX - moment resultants acting on element

M. - geometrical bending stiffness of stringer-shell or ring-zhell combination

____obinatio_
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NX, N , N O - membrane force resultants acting on element

n - integer

NxO, Nqo, Nx o  - prebuckling membrane force resultants

p - hydrostatic pressure

R - radius of shell

t - number of circumferential waves

u - non-dimensional axial displacement (=u'/R)

u" - axial displacement

v - non-dimensional circumferential displacemeilt (-v'/R)

v - circumferential displacement

w - non-dimensional radial displacement (=w /R)

w" - radial displacement

x - non-dimensional axial co-ordinate (=x /R)

x - axial co-ordinate

Z - (l-P2) (L/R) (R/h)

z - Non-dimension.-l radial co-ordinate (=z/R)

z - radial co-ordinate

z1 , z2  - distance of the centroid of the stringer-shell, or rirg-shell combination from
the middle surface (see Fig. 3a).

, B - rrK/L
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- v, - w middle surface strains

Yzgk - u,#+vgx

- (EIAze R/bD)

C2 - (E 2 A2 e2 R/aD)

17 1 - (E1101/bD)

702 - (E2102/aD)

r7tj - (Gllt/bD)

1t2 - (G2 1 2/aD)

Kx -Wxx

- wnon dimensional changes of curvature and twist of

the middle surface

-3

Ap - (R'/D) p

A - (l-V2) (E1 AI/Ebh)

tL2 - (l-v2) (E2 A 2/Eah)

- poisson's ratio

- circumferential co-ordinate

Yl I- (lv2) (E1Al e,/EbhR)

Y 2 - (l-v 2 ) (E2A2e2/E ahR)

Subscripts following a comma indicate differentiation.



1.I N T R 0 D U C T I 0 N

In Reference [ I] the general instability of simply supported cylindrical shells under hydrostatic

pressure was anaiysed by considering the "distributed" stiffnei- of rings and stringers separately and

taking into account their eccentricity. It was concluded there that rings on the inside oi the shell yield

higher general instability pressures than rings co the outside. For stringers, which are much less effec-

tive in stiffening against hydrostatic' pressure, the effect ot eccentricity was found to "be opposite',

outside stringers yielding higher critical pressures tnan inside stringers. Similar eccentricity effects

were found for conical shells. [ 2]

During rece.nt calculations of the geueral instability of conical shells with non-uniformly spaced

stiffeners under hydrostatic pressure [ 3 ], the ring eccentricity effect was found to be inverted for some

very short and thick shells. The reason for this inversion became clear after adme further study of the

general instability of stiffened cylindrical and conical shells. More extensive computations seemed

desirable in order to obtain a better feeling for the influence of the geometric parameters of the shell on

the eccentricity effect.

The results of these computations for a large number of typical shells show that the inversion of

the eccentricity effect is practically independent of the geometry of the rings but depends very strongly

on the shell geometry. Furthermore, if the geometry of the shell is represented by the well known non-

dimensional Batdorf parameter Z = (1-v2 )12 (L2/Rh), a "range of inversion" is found.

It should be pointed out that the inversion of the eccentricity effect for short shells was also ob-

served in very recent comoutations carried out by Mc Elman et al.[ 4] and by Geier and Seggelke [ 5 1,

but no generai conclusions about the geometrical parameters which determine the inversion were reached.

The study of the influence of the geometric parameters on th eccentricity effect motivated a re-

valuation of the physical explanation of the phenomena, which resulted in a much clearer picture of the

buckling behavior of stiffened cylindrical shells.

For clarity, the main assumptions made in [ I] and [2] are repeated here:

a) The stiffeners are "distributed" over the whole surface of the shell.

b) The normal strains F (z) and e,(z) vary linearly in the stiffener as well as in the sheet. The
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normal strains in the stiffener and in the sieet are equal at their point of contact.

c) The stiffeners do not transmit shear. The shear membrane force Nzo is carried entirely by the sheet

d) The torsional rigidity of the stiffener cross section is added to that of the sheet (the actual increase

in torsional rigidity is larger than that assumed).

Note also that the middle surface of the shell i-. chosen as reference line.

2. THE EFFECT OF ECCENTRICITY

In order to study the effect of the eccentricity of stiffeners one has to examine the expressions

for the forces ana moments acting on an element of the stiffened shell, Eqs. (5) and (6) of [ 1. After

substitution " the strain-displacement and curvature-displacement relations, Eqs. (3) and (4) of [I],

the forces an. moments become

N, = [Eh/(1-v 2)] [u (I+/()1v o-w) Xx]

No = [Eh/(1-v2) ] [(v o-w) (1 + t2) + Vu,. -X'2wo]

N N ox = [Eh/2(l+v)I (uo+v, (1)

Mx = -(D/R) [w , Ij01) + Vw oo- 4,u,]

Mo = -(D/R) [w, 1+ 0 ) 4w - _(v, -w)]

M6 = +(D/R) [(l-v)+7tx] w,,6

.= -(D/R) [(1-v)+in 2] wX1  (2)

where ui , 112 , 701, , '0 t0 and 17t2 are the changes in stiffnesses due to stringers and frames and

and 4 are the changes in stiffnesses caused by the eccentricities of the stringers and rings,

rs in [ ;A]. Since the analysis is concerned with instability, u, v and w are the additional displacements

during buckling, and as in [ 1] they are non-dimensional, the physical displacements having been divided



by the radius of the shell.

The usual simple support boundary conditions are assumed as in [ 1] and

u - An sin tocos nx

v - BUcos t4 sin nox

w = C sin tO sin nx (0)

are the displacements which solve the Donnell type stability equations for general instability, Eqs.(!2)

of [ I], in the presence of these boundary conditions.

In the case of rings, the effect of their eccentricity on the forces is represented by the term

-)(2W, 0.0in the second of Eqs.(1),and on the moments by the term - C2 (v,O-w) and 1702W,0

(since 'O2 - (E2 12 /aD) +(E A2e2',aD) ) in the second of Eqs.(2). Note that the sign of the eccen-

tricity affects only the terms with y 2and 4 . For Internal rings (positive e2) ye and 4 are

positive.

The eccentricity effect is the result of coupling between moments and membrane forces, and for

ring stiffened shells the circumferential middle surface strain, ro - (vo - w), is found to be the major

coupling factor. In Fig.2 the variation of tk with Z is plotted for a typical ring geometry, (A2/ah) = 0.5,

(122 /ahs) - 5, and (e 2 /h) - ± 5. It should be pointed out that the ring geometry represents relatively

strong rings with a large eccentricity. The relative circumferential middle surface strain ( o/C.) is

small for long and thin shells, but becomes large for short and thick shells (small Z), in which the

membrane forces contribute significantly to the resistance against buckling. (c /C ) is always negati'e

for inside rings (positive e2 ) and positive for outside rings (negative e2), except for very small Z.

For long and thin shells the magnitude of(t4,/CQis larger for outside rings than for inside ones.

With decreasing Z the ratio of ( 1 r, outside I / I e, inside I ) decreases and after a certain value of Z

becomes less than unity. Eventually at a very small Z,(fO/C,)for outside rings even changes its sign.

The change from larger Ito/C.I for outside rings to larger IjE/C.1 for inside rings occurs at the same

Z at which the inversion of the total eccentricity effect is found. Hence one observes that the eccen-
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tricity effect is closely related to the behavior of to.

For long and thin ring stiffened shells M is the prime factor determining the resistance of the

shell to buckling. From the second of Eqs.(2) one sees that the magnitude of M0, depends primarily on
w, o0 2 - 42 (v,~, - w). With increasing eccentricity of rings e2 , '102 increases rapidly but indepen-

dently of the sign of e2 . The second term - 2 (v ,,k - w) reduces M4 for both inside or outside

rings (except for very small Z). This occurs since (w ,fw) is negative and for inside rings

(see Fig.2), positive 4 , (v, , _w)/w is also negative; whereas for outside rings, negative 4
(v4, - w)/w is positive. However, due to the larger magnitude of I[t/C.j for outside rings, the

reduction in M is larger for negative e2 and the stiffness of the shell is therefore smaller. Hence the

usual eccentricity effect of higher loads with inside rings is explained. Note that as the first term, which

does not depend on the sign of the eccentricity, dominates, the eccentricity effect cannot be very pro-

nounced as is indeed found in all the calculations (the largest effect encountered was 25% for a shell

with extremely large eccentricity).

For shorter and thicker shells, the effect decreases and eventually inverts when the reduction in M

becomes larger for inside rings than outside ones. For very small Z, when (1 4 /C.) for outside rings

changes sign, M4, is not only reduced less but is actually increased. Hence pronounced eccentricity

effects can be expected and are indeed found in the calculations. It should be pointed out that, although

the membrane forces contribute significantly to the resistance of shells with small Z, the eccentricity

effect is primarily caused by changes in M .

3. PHYSICAL EXPLANATION

If one aims at a physical explanation of the effect of eccentricity of rings on the instability of

cylindrical shells, without direct reference to the mathematical formulation, one finds that the effect is

made up of two opposing contriA'tions. The primary contribution is the effect of the membrane stresses

in the shell on the bending stiffness of the shell-stiffener combination, and the opposing secondary con-

tribution is the effect of the bending strains on the membrane stresses in the shell.



The primary effect in rings is similar to that causing the more spectacular eccentricity effects in

stringer stifferi- axially compressed cylinders, whereas the secondary effect is more prominent in rings.

An'explanation for the considerable increase in buckling load under axial compression with out-

side stringers, which has been demonstrated experimentally by many invescigators (see (61 -[9] ), has

recently been given by Thielemann and Esslinger [ 10]. One could extend the argument of ( 101 to rings;

however, here a more complete explanation is presented which covers both the primary and the secondary

contributions of the eccentricity effect for any stiffener.

The total geometrical bending stiffness of the combined ring-shell cross-section is not aifected by

the place of the rings and is equal for outside and inside stiffening. Now, as a result of the initial cur-

vature of the shell additional membrane forces appear in it during buckling. If one considers the circum-

ferential membrane forces this is immediately apparent, since for outward buckles the shell has to lengthen

and tensile forces arise, while for inward buckles the shell has to shorten avd compressive forces arise.

A relation between the axial and circumferential membrane forces is obtained by differentiating

the first two stability equations

NX, 1 +N = 0

*Nk,¢ + N1,h, = 0 (4)

with respect to x and 4

x,XX = N (5)

By substitution of the assumed displacements, Eqs.(3), into Fq.(5) this relation between the membrane

forces becomes

n2  2N1  - t2N (6)

As mentioned, N is compressive in a positive (inward) wave and tensile in a negative wave.

From Eq.(6) it is seen that N. follows N-L at every point of the shell, andthat for long shells N is much

PA: 14
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larger than NA (since for hydrostatic pressure a =-I and in long shells jS <1 while t is always larger

Lhan 2).

It should be noted that Eq.(6) is true only for the classical simple support boundary conditions

assumed here

v =0

w =0
at x . 0, L/R (7)

N1  0

For other boundary conditions similar relations between N. and N4 can probably be obtained, but the

details cequire further study.

In Figs. 3a to 3d MO represents the geometrical bending stiffness of the cross-section of the

ring-shell combination. It is the mowent necessary to produce a certain change in curvature. The geo-

metrical stiffness M is equal for the inside and outside ring. shell combinations.

However, due to the circumferential membrane force acting in the shell, the actual total bending

stiffness of the cross-section is changed. Fo- a ring-shell combination with inside rings the actual

total bending stiffness is (See Figs.3a and 3c)

M =M 4 M-i2N, (8)
ini

where Min is the actual moment necessary to produce the same change of curvature that Mo would
(kD

produce without the membrane force Ni

In the same manner,'the actual bending stiffness for the cross-section with outside rings is

M t -- - out
* MO+ z2Niu (9)

where again M u is de actual moment necessary to produce the same change of curvature which

would produce without the membrane force NQ -

From Eqs,.(8) and (9) it can be seen that the actual bending stiffness for outside stiffening is

24 -~ - -
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larger than that for inside stiffening. This is the primary eccentricity effect. There is, however, another

opposing secondary effect which will now be examined.

Consider a shell with inside rings. in a positive wave, the moment M produces in the shell an

additional compressive strain ia the circumferential direction. Due to Poisson's effect (v), an axial

strain appears in the sheet, giving rise to an additiona' compressive membrane force, AN. , in

the axial direction, which resists this strain. From equilibrium considerations, Eq.(6), AN, is accom-

panied by an additional compressive membrane force AN6, in the circumferential direction. This addi-

tional compressive force has a radial component which resists radial deformation (Fig.4a). On the other

hand,for outside rings the additional force AN is tensile and therefore assists deformation (Fig.4b).

In a negative wave (Figs. 4c and 4d) the same argument applies and the additional membrane force ANO

resists the deformation for inside rings, whereas it assists it for outside rings.

The effect of eccentricity of rings can therefore be summarised as follows:

1. Primary effect - outside rings increase the actual bending stiffness in de circumferential direc-

tion more than inside rings.

2. Secondary effect - inside rings itcrease the actual extensional stiffness in the circumferential

direction more than outside rings.

Now, for long cylinders N is very small and the difference in the actual bending stiffness in the

circumferential direction for inside and outside rings, Eqs.(8) and (9), is also very small. On the con-

trary, M,0is relatively large, and therefore the AN0 produced by it is important.- Hence for long cylin-

ders, the critical !oad .cr inside ting stiffening is larger than that for outside ring stiffening. It should

be remembered that this is due to the Poisson's effect (v). If the Poisson's effect is neglected (v = 0),

outside ring stiffening yields higher critical loads than inside ring stiffening even for loig cylinders

(See Table 4).

For short cylinders N h begins to increase but M is still an important factor. The difference

;n the actual bending stiffness increases (See Eqs.(8) and (9) ) and the critical load for outside rings

is much larger than that for inside rings.

The behavior of a stringer stiffened shell can be expla'ned in a similar manner. As for ring-

stiffening, the actual bending stiffnesses in the axial d;rection for stringer stiffening are
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M1 X IX- i1 N1

Mout + ,out (0

where M1 represents the geometrical stiffness of the cross-section of stringer-shell combinations and is

equal for inside and outside stringer stiffening, and M'n and M represent the actual bending stiffness

for inside and outside stringers.

Again, due to the moment, M.. and Poisson's effect, V, there is another opposing secondary effect.

Therefore the effect of eccentricity of stringers can be summarized as follows :

1. Primary effect - outside stringers increase the actual bending stiffness in the axial direction

more than inside stringers.,

2. Secondary effect - inside stringers increase the extensional stiffness in the circumferential direc

tion more than outside stringers.

However, for stringer-stiffened shells no inversion of the eccentricity effect has been observed.

This difference between the eccentricity effect in ring-stiffened shells and stringer-stiffened ones can be

explained by consideration of the magnitudes of the governing forces and moments. In r ng-sti ffened

shells, N . diminishes rapidly with (L/R) while Mo remains relatively large. Hence ANO caused by

M is large compared with Nb for long shells and the secondary effect can dominate, causing inversion

of the eccentricity effect. In stringer-stiffened shells, on the other hard, N. remains relatively large

even for long shells, while M is relatively small. Hence AN. caused by MX is small compared with

N. even for long shells, and the secondary effect (which dependson the resulting small ANO) cannot

become significant enough to cause inversion.

4. NUMERICAL RESULTS AND DISCUSSION

The critical pressures for general intability under hydrostatic and lateral pressure were computed

for 250 ring and stringer stiffened shells covering a wide range of shell and stiffener geor.etries. In the

numerical wok most of the shells are ring-stiffened, since stringers are very inefficient under hydrostatic

-- -- ' JL "- ... .
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or lateii l r;essure (see [li).

In Fig.5 the ratio (p ou/pin ) (where pin is the critical pressure fur inside ring stiffcners and

pO"t that for outside one,) is plotted as a function of the Batdorf parameter Z - (lV2(R/h) (L/R)2 ,

which defines the shell geometry. A range of Z is found in which the inversion of the eccentricity effect

occurs. It spreads between 100 < Z < 500, or in other words, for Z > 500 p'n is always larger than

pOUt and for Z < 100, pl" is smaller that. poUt. Shells with different rings are plotted in the same fi-

gure, and it can be seen that the inversion of the eccentricity effect depends mainly on the shell gcometry.

Variations in the g~ometry of rings, even from very weak rings to very strong ones, for Z above 300, result

in a very small change in the (pOUt/pif) ratio. On the other hand, in very short and thick shells,

changes in the geometry of rings yield noticeable differences in tie (pout/pin) ratio (Fig.5).

These extensive calculations, as well as the physical explanation, show clearly the importance of

the shell geometry for the direction of the eccentricity effect. Hence Crawford's conclusionj 11], that

under hydrostatic pressure,rings on the outside of the shell will result in higher strength than when they

are on the inside is not general and applies only to a certain range of shell geometries.

As mentioned in the introduction, the eccentricity effect is made up basically from two opposing

contributions: the primary and the secondary effect. The primary effect causes higher buckling loads

for outside ring stiffened shells. The percentage difference (pOUt/pin) decreases with Z, which is

consistent with the physical explanation, since for long and thin shells, the influence of the membrane

forces on the effective bending stiffness of the ring-sheet combination diminishes. As Z - - (very long

shells unaffected by boundary conditions) the primary effect tends to zero. The opposing secondary

effect is due to Poisson's ratio. It also tends to zero as Z -. oo, since the membrane forces are zero

in the limit, bit more slowly than the primary effect. the reason for the slower rate of diminishing is

apparent frbm the physical explanation, if one remembers that the secondary effect is caused by M,

which does not disappear in long shells. In Table 4 the effect of Poisson's ratio on the eccentricity effect

was checked numerically for two typical shells. -By assuming v -0 thr secondary effect is eliminated,

and one obtains pout > pin even for long shells (R/h =- 2000 L/R = 2). In checking the other limit,

by taking v = 0.5, the secondary effect is enhanced and pin becomes 307 greater than pOt . By comparing

the results obtained for v = 0 in the long and short shells one clearly observes the asymptotic behavior

~ '~~ --- ~
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of the primary effect with Z.

In Table 5, ring and stringer stiffening is compared for a large range of shell geometries. The

longer the sheli, the less effective are stringers in stiffening against buckling under hydrostatic pressure.

For very shor, shells stringers and rings are equally effective as stiffeners. This can be exp'ained

if one remembers that hydrostatic pressure is composed of axial and lateral components. In short shells,

both components affect buckling to the same extent. No%, rings are more effective agaiLrst lateral pressure

than stringers. On the other hand, axial pressure is resisted much better by longitudinal stiffeners than

by rings. Hence in the case of hydrostatic piessure, rings and stringers stiffen by the same amount.

In Table 2, the effect of ring geometry is studied for diiferent shell configurations, ane the results

are plotted in Figs. 6-7. There one sees clearly that the buckling load depends on the combined shell

geometry parameter Z and not on the separate parameters R/h and L/R. One also observes that for

different rings the inversion occurs almost at the same value of Z. There is only a very slight shift in

the inversion with ring geometry. For stronger stiffeners inversion occurs at a higher Z, for example

A2/ah = 0.8 122/ah3  = 8 ZINV 400

A2 /ah = 0. 1 12 2 /ah 3  = I ZIN V  130

In Fig. 8, the variation of the eccentricity effect with magnitude of eccentricity was studied. The

higher I e 2 , the stiffer the shell is against buckling. ,Therefore one expects the same behavior as that

found for increasing moment of inertia (12 2/ah 3 ) in Fig.9. For short shelis this behavior is indeed ob

served,as monotonous rise of (po UL/ p in) with I -2 :. However, when longer and thinner shells are con-

sidered, a different behavior appears. On varling the magnitude of I e 2  lor a certain shell geometry,

pOut is first found to be smaI~er than pin. On increasing Ie 2 1, poUt/pin passes through a minimum

and starts to rise again, and evc 'ially an inversion of the eccentricity effect occurs.,

For short and thick shells a co.nI.arison between buckling under hydrostatic and lateral pressure

was made (Table 1). This comparison was carried out in order to eliminate any doubts about the cause

of th. inversion oi the eccentricity etfect. In the early stages of the work it was suspected that the axial

component of the hydrostatic pressure is the cause of the inversion, since inversion oc:urs only in short
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shells. However, the caiculations for a typical ring geometry (Table 3) showed t.at inversion occtus

even with lateral pressure. The physical explanation arrived at Lter proved that this was to be expect-

ed.

5. CONCLUSIONS

The results of calculation for 250 typical cylindrical shells Ahow that for shells with Z < 100

outside rings are more efficient stiffeners against hydrostatic and lateral pressure than inside rings,

whereas for Z> 500,shells with inside rings are stronger. Stringers are much less efficient as stiffeners

stsainst hydrostatik pressure, except for very short shells. Outside str;ngers are better than inside ones.
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TABLE. I

GENERAL INSTABILITY PRESSURES OF RING STIFFENED SHELLS

EFFECT of S[!LLL GEOMETRY

A2/oh - '5 1 22/oh3- 5 /h =

A 0  Act_____ _____

CAS hI / t JRI1

CASE UNSTIFFENED t nsid, t -0 2 out ide

1 50 Ns 11.98 173.9 896.8 3 1768 3 5.178 10.21 1.972
2 1.0 47.70 7o.483 1216 3 1707 3 15.50 21.75 1.404
3 1.5 107.3 51.14 1276 3 1397 3 24.95 27.32 1.095

4 100 0.5 23.85 229.9 2172 4 3839 4 9.447 16.70 1.767
5 1.0 95.39 107.4 2385 4 2807 4 22.20 26.12 1.177
6 1.5 214.6 70.07 2005 3 2248 3 28.61 32.08 1.121
7 2.0 381.6 51.81 1673 3 1645 3 32.30 31.76 0.983

8 250 0.5 59.62 345.9 5887 6 8147 7 17.02 23.55 1.384
9 1.0 238.5 166.8 4766 5 5059 5 28.57 30.33 1.061
1 1.5 536.6 109.3 3844 4 3774 4 35.17 34.53 0.982

11 2.0 953.9 82.14 3044 4 2757 4 37.06 33.57 0.906
12 3.0 2146 53.97 2252 3 1954 3 41.72 36.20 0.867

13 500 0.5 119.2 477.2 11060 8 13170 8 23.18 27.59 1.190
14 1.0 477.0 231.7 7819 6 7680 6 33.74 33.14 0.982
15 1.5 1073 153.8 5897 5 5366 5 38.34 34.89 0.910
16 2.0 1908 113.7 4660 s 4083 5 40.97 35.90 0.876
17 3.0 4293 77.05 3230 4 2734 4 41.92 35.48 0.846

18 750 0.6 257.6 476.4 14190 9 14530 9 29.79 30.50 1.024
19 0.7 350.6 406.7 12840 8 12960 8 31.56 31.87 1.010
20 0.8 457.9 354.5 11870 8 11410 8 33.47 32.20 0.962
21 0.9 579.5 313.6 11040 7 10490 8 35.20 33.44 0.950
22 1.0 715.5 281.2 10110 7 9421 7 35.94 33.51 0.932

23 1000 0.5 238.5 661.1 19070 10 20180 11 28.84 30.53 1.058
24 0.6 343.4 547.8 17360 9 17260 10 31.69 31.50 0.994
25 0.7 467.4 466.5 15630 9 15100 9 33.50 32.97 0.966
26 0.8 610.5 406.8 14450 8 13560 9 35.53 33.33 0.938
27 0.9 772.7 360.4 13090 8 12110 8 36.33 33.61 0.925
28 1.0 953.9 323.8 1U180 8 11030 8 37.61 34.06 0.906
29 1.5 2146 215.9 8956 7 7814 6 41.49 36.20 0.872
30 2.J 3816 160.4 6881 6 5887 6 42.90 36.70 0.856
31 3.0 8585 4779 5 4029 5 0.843

32 2000 0.4 305.3 1163 35820 14 36150 14 30.80 31.09 1.009
33 0.5 477.0 924.0 31250 13 29920 13 33.82 32.38 0.957
34 0.6 686.8 765.9 27450 12 25490 12 35.84 33.28 0.928
35 0.7 934.9 655.5 24380 11 22170 11 37.19 33.83 0.910
36 1.0 1908 454.9 18520 9 16120 9 40.71 35.45 0.871
37 1.5 4293 301.9 12920 8 10930 8 42.80 36.22 0.846
38 2.0 7632 225.8 9957 7 8308 7 44.09 36.79 0.834
39 3.0 17170 151.6 6912 6 5777 6 45.58 38.10 0.836
40 4.0 30530 112.6 5179 5 4226 5 45.99 37.53 0.816
41 6.0 68680 76.80 3500 4 2806 4 4b.58 36.54 0.802
42 10.0 190800 45.21 2150 3 1688 3 47.56 37.35 0.786

43 75 0.65 30.23 150.7 1835 3 2791 4 12.17 18.52 1.521
45 05 191.4 352.7 9575 7 10501 8 27.15 29 .77 1.097
46 75 0.80 45.79 120.3 1865 3 2619 4 15.51 21.78 1.404

I47 150 91.58 164.4 3612 4 I 4277 5 21.97 j26.02 1.184
48 550 335.8 305.7 9529 7 9622 1 .!.17 31.48 1.010_ __ _ _ _ I

- .. ~ - ,.



TABLE. 2
GENERAL INSTABILITY PRESSURES OF RING STIFFENED SHELLS

EFFECT of RING GEOMETRY

I Al
CASE SHELL GEOMETRY RING GEOMETRY 2o t 2 /Ast KIN ) -I r +

S L/R -RE Z A,/Oh 12 /o
:hl 12 /hJUSTI;FEN ins ousid2I

49 0.5 100 23.85 0.10 5 229.9 1355 6 -613 6 5.892 7,017 1.191
0.30 3 1966 4 2907 5 8.549 .12.64 1.479

I 0.50 5 2172 4 3839 4 9.447 16.70 1.767

51 0.80 8 2466 4 4805 4 10.73 20.90 1.948

!2 1000 238.5 0.05 0.5 661.1 5c.J3 14 4903 14 1.,13 7.417 0.974
53[ 0.10 1 7805 13 7624 13 11.81 11.5J 0.977
54 0.30 3 14740 11 14950 11 22.29 22.61 1.01A
23 0.50 5 19070 10 20180 11 28.84 30.53 1.058
55 0.80 8 23890 9 257)0 10 36.14 38.90 1.076

56 1500 357.7 0.05 fl, 804.9 6421 16 6176 16 7,977 7.673 0.962
57 0.10 1 10010 14 9640 14 13.44 11.98 0.963
so 0.50 5 25670 11 25380 12 31S9 31.54 0.989
59 0.80 8 32160 '1 32770 11 39.95 40.71 1.019

60 2000 477.0 0.10 1 924.0 11950 15 11340 16 12,93 12.27 0.949
61 0.30 3 23490 13 22390 14 25.42 24.23 0.953
33 0.50 5 31250 13 29920 13 33.81 '2.37 0.957
62 0.80 8 39360 12 1 38J,3 J 42.59 41.78 0.981

63 100 23.85 0.50 5 0 229.9 1852 5 b .056 1.
64 1 1773 5 2042 5 7.712 8.132 1.152
65 2 1805 5 2343 5 7.849 10.19 1.298
4 5 2172 4 3839 4 9.447 16.70 1.767

66 8 2772 3 5508 4 12.06 23.95 1.087

67 Is.0 357.7 0 804.9 113170 13 16.36 1
68 0.5 13350 13 ,13250 13 16.59 16.47 0.993
69 1 13820 13 13620 13 17.17 16.92 0.986
70 3 18340 12• 17820 13 22.79 22.15 0.972
58  1 5 25670 11 25380 12 31.89 31,54 0.989

71 J 8 39270 10 41030 I 48,79 50.98 1.045

72 1.0 50 47.70 0.1 1 5 78.48 632.1 4 689 4 8.054 8.779 1.090
2 0.5 5 1216 3 1707 3 115,50 21.75 1.404

73 0.8 8 1527 3 2193 3 19.46 27.94 1,436

74 100 95.39 0.1 1 107.4 1063 5 1095 5 9.8o3 10.20 1.030
5 0.5 5 2365 4 2807 4 22.20 26.12 1.177
75 0.8 8 2912 3 3664 4 27.11 34.11 1.258

76 200 190.8 0.05 0.5 148.6 1127 7 1101 7 7.582 7.407 0.977

77 0.10 1 1685 6 1669 6 1 i33 11.2 0.991

78 0.50 5 4137 5 4371 5 27.84 1 29.41 1.057
79 I 0.60 8 15135 4 5/31 5 '34.55 38.56 1.116

80 300 296.2 1.05 0.5 180.4 1418 7 1379 7 7.861 7.645 0.972
81 0 10 i 2206 7 2131 7 12.23 11.81 10.966
82 0.50 5 5542 5 5731 6 30.72 31.77 11.034
83 0.80 8 5804 5 7273 5 37.72 40.32 1.069

I ,IIII

84 00 381.6 305 0.5 207.2 1662 8 1597 8I 8.02U 1 7.71 !0.961
80.0~ I3 12.':7 7 2517 7 12.63 12.15 10.962

86 0.50 5 6691 6 658 6 32.1.19 31.76 10.98J
e0 80 8 1 8710 6 8586 6 42.03 41.31 0.193

-. -- -- -- -- .- ..'.z - ' -. - y_• -- " -
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GENERAL INSTABILITY PRESSURES OF RING STIFFENED SHELLS
I.I I'I.( 1' of KIN(; t;I*MI11l'I'RN

SHELL GEOM Y ETRY A-./CASE-" - - -t) IOe I -e, I A'/A, .-/A0  A-i/

L/RJ Rbh A. ah I.' i UN TIFF1 ,n,,de , usmd. __

88 1.0 500 477.0 0.1 I 5 231.7 2991 8 ?835 8 12.91 12.23 0.948
89 0 3 3 5914 7 5599 7 25.52 24.16 0.947
14 0.5 5 7819 6 /680 6 33.74 33.14 0.982
90 0.8 8 9841 6 9654 6 42.46 41.66 0.981

91 2000 1908 0.8 8 323. 23790 9 20600 9 52.31 45.29 0.866

122 50 473 0.5 5 I 78.4 879.1 3 958.1 4 11.20 12.21 1.090
2 5 1216 3 1707 3 15.50 21.75 1.404

92 a 1711 2 2721 3 21.80 34.67 1.590

93 101 95.39 1 107.4 1472 4 1556 4 13.70 14.48 1.057
5 5 2385 4 2807 4 22.20 26.12 1.177

94 8 3232 3 4691 4 30.09 43.67 I.,51

95 1.0 600 572.4 0.5 5 0 252.8 4347 8 17.20 1
96 0.5 4436 8 4367 8 i 7.35 17.,8 0.984
97 1 4633 8 4496 8 18.33 17,79 0.970
98 5 8882 7 8335 7 35.14 32.98 0.938
99 ).5 11210 6 10990 6 44.33 43.47 0.980100 8 12740 6 13470 6 54.35 53.29 0.980

101 2000 1908 8 323.8 30160 9 26340 9 66.29 57.90 0.873

102 2.0 1000 3816 .05 0.5 5 160.4 1496 7 1380 7 9.225 8.602 0.923103 0.10 1 2380 7 2158 7 14 84 13.46 0.907104 0.3 3 4959 6 4274 6 30.92 26.65 0.862
30 0.5 5 6881 6 5887 6 42.9C 36.70 0.856

105 0.8 8 9227 5 7682 5 57.53 47.89 0.833

106 0.5 5 0 3166 6 19.74 1107 0.5 3248 6 3149 6 20.25 19.63 0.969
108 1 3394. 5 3195 6 21.16 19.92 0.941
109 3 4622 6 4026 6 28.82 25.10 0.871
30 6881 6 5887 6 42.90 36.70 0.856110 6.5 9183 5 7681 5 57.25 47.89 0.837

8 11260 5 9416 5 70.22 58.70 0.836
112 1.0 700 667.8 0.1 1 1 272.1 1685 10 1641 10 6.193 6.032 0.974
113 0.3 3 3 4935 8 4603 8 18.14 6.91 0.933
114 0.8 8 8 18910 6 18500 6 69.51 67.97 0.978

15 800 763.2 0.1 1 I 290.9 1815 -n 1765 10 6.839 6.067 0,972
116 0.3 3 3 5385 8 5005 8 18.51 17.21 0.929111 0.8 8 8 20800 6 20320 6 71.50 69.86 0.977

118 900 858.5 0.1 1 1 307.8 1949 11 1896 11 6.330 6.159 0.973
119 0.3 3 3 5783 9 5338 9 18.79 17.34 0.923
120 0.8 8 8 22930 6 21570 7 74.48 70.07 0.9q1

121 2.5 2000,11930 1 0 10 00.746

.. . 140 o 6



17

ujn

4.4
Ix

GI +a.=

ooN
a 00 .- 000 m-.,

a( 00 Un 0 V 0000

-- I3 a, cc 0000 g.- ,.l

1+J +
.

0 
4A t4 00 t-bU

IJ.I .J -- ,,B - -E o4

uo o t- \o0 0 0 0 L

=~ C2 C4%

co

S- . ( - C'

o0 oo

I-,.
' ao°000000

z 00

a, - c %o r in. . - - . .

u n0 - 0 c ,



18

TABLE. 4
EFFECT OF POISSON'S RATIO ON THE ECCENTRICITY EFFECT

I 22/Oh 3 = 5 A2/ah = 0.5 a2/h +5

R/b L/R v +e2 inside - outside

250 0.5 0 6162 9797 1.590

0.3 5887 8147 1.384

0.5 5037 6383 1.267

2000 2.0 0 9722 10081 1.037

0.3 9957 8308 0.834

0.5 9055 6497 0.717

TABLE. 5

CRITICAL PRESSURES FOR STRINGER AND RING STIFFENED SHELLS

RING GEOMETRY A/h =0.5 122/ah3 =5 e2/h =±5

STRINGER GEOMETRY Al/bh=0.5 11 /bh3 =5 01/,-±5

R/h L/R Z X0° RING STIFFENED STRINGER STIFFENED
UNSTIFF AA/Xo A-/Ao A-/X+ K'/o A-/xu X-/h

50 0.5 11.92 173.2 5-177 10.21 1.971 6.271 6.424 1.024

100 1.0 95.39 1%7.4 22.20 26-12 1.177 2-369 2.804 1-184

1.5 214.6 70-07 28.6i 32.08 1.121 1.587 2.109 1.329

2.o 381.6 51.81 32-29 31-75 0.983 1.282 1.802 1-406

2000 "-0 17170 151.6 45-58 38.10 f 0.834 1.048 1-162 1.109

.- - - _-.--

- ,-
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